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EDITORIAL 
 

 

Welcome to the fourth Issue of  “The 

Starry Messenger”, the triannual science 
magazine of the Global Society of Young 
Physicists (GSYP).  I am truly excited to 
introduce the incredible work of our students 
from the recently concluded Research 
Mentorship Programme (RMP) 2025. This 
issue features three outstanding research 
reports that delve into the frontiers of 
modern physics, with one more to be 
published in December: 
 

1. Applications of Quantum 

Mechanics 

2. Gravitational Lensing 

3. Modeling Neutron Star Matter: A 

Relativistic Mean Field Approach 

4. Computational Modeling of 

Vibrational Analysis via Geophone 

Detection: Simulating Seismic 

Resonance and Frequency Spectra 

 

 
 
 
 

 
 
The Global Society of Young Physicists 
(GSYP) was founded with a vision to connect 
young physics enthusiasts worldwide, 
fostering a community dedicated to 
advancing physics education. GSYP is a 
registered community interest company that 
supports budding physicists through a range 
of initiatives, including the Research 
Mentorship Programme (RMP), where 
students are paired with experienced 
mentors to undertake challenging research 
projects. 
 
After five intense weeks, we concluded the 
RMP 2025, marking an incredible journey for 
all involved. As the Chief Executive Officer of 
GSYP, co-creator and lead coordinator of 
this programme, I had the privilege of 
guiding our brilliant students through their 
research projects. Serving as a mentor for 
the Quantum Mechanics course, I led a 
group of five passionate and brilliant 
students through five weeks of intensive 
lectures and research. 
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EDITORIAL 
 

 
Throughout the programme, our students 
demonstrated exceptional dedication and 
curiosity, exploring complex topics such as 
Schrödinger’s equation, quantum tunnelling, 
Bell’s inequality, and even black hole 
information theory. Their efforts have 
culminated in remarkable research, just as 
the other teams.  
 
The foundation of GSYP and the RMP was 
established through a personal experience 
that fueled my passion for research and 
education. Years ago, at a summer school on 
Quantum Cryptography at the University of 
Waterloo, I met like-minded individuals, 
including my dear friend and colleague Leo 
Nagel, who is the Senior Advisor at GSYP. 
Leo and I took the initial steps in founding 
GSYP, while embarking on a research 
project titled "Measurement of Thermal 
Conductivity of Thin and Thick Layer 
Graphene via Phonon Dispersion by Inelastic 
X-Ray Collision Produced Through 
Bremsstrahlung Radiation." As a team we 
had to work on this project without a mentor. 
The experience of working without a mentor 
underscored the importance of guided  
support for students undertaking research 
projects for me, laying the groundwork for 
what would become GSYP and the RMP. 

 
 
This experience then inspired the creation of 
GSYP and the RMP, which aims to provide 
young physics enthusiasts with the 
mentorship and resources we lacked. Today, 
I am immensely proud of the outstanding 
work our students and mentors have 
accomplished. I would like to extend my 
thanks to the distinguished mentors of RMP 
2025, and now fellows of GSYP: Nikita, Kajol 
and Ginevra; and senior fellows of GSYP: 
Toby and Piyamini. Last but not least, I would 
like to thank our students, now RMP Alumni, 
who made all of this possible. Thank you for 
all your hard work.  
 
As always, we as GSYP encourage you to 
support and join our mission to further 
physics education and connect young 
physics enthusiasts worldwide. For more 
information, please refer to our posters at 
the end of our magazine. 
 
Arya Lal Gonullu, Chief Executive 
arya.gsyp@gmail.com 
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EDITORIAL 
 

 
 
Become a Member of GSYP!  
 
As a member of GSYP, you gain access 
to exclusive benefits that will enhance 
your journey as a young physicist. 
Members can request reviews from 
research mentors who are conducting 
cutting-edge studies in Physics. After a 
thorough editorial review, you can submit 
your work for publication in our science 
magazine. Additionally, you will have the 
opportunity to attend talks by renowned 
science experts brought in by GSYP.  
 
Membership is currently free, so join us 
and take advantage of these incredible 
opportunities. 
 
 

 
 
Science Magazine Schedule 
 
Our Science Magazine will be published 
three times a year: 
 

❖ April: Independent research 
published before the annual RMP. 

❖ August: Research reports from 
the annual RMP. 

❖ December: Independent research 
published after the annual RMP. 

 
Stay tuned for our next issue in 
December 2025, where we will feature 
more research reports and provide 
details on the upcoming RMP 2026! 
 
 

 
KEEP IN TOUCH! 

 

GSYP Instagram: @gsyphysics 

 GSYP LinkedIn: https://www.linkedin.com/company/gsyphys/ 

 GSYP YouTube, watch the Final Day Presentations for RMP 2025 here: 
https://youtu.be/3vN3LgSooXo 
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Research Mentorship Programme 2025: Quantum Mechanics  

     Gonullu & Davies, Mahmoud, Valman, Wang, Lim 

Abstract 
 

This report researches the phenomenon of quantum tunnelling  applications in 
modern physics, engineering and electronics. Quantum tunnelling is a direct consequence 
of the wave-particle duality as described in quantum mechanics, which enables particles 
to pass through potential barriers without having sufficient energy, a phenomenon that is 
not possible according to classical physics. Applications such as the Scanning Tunnelling 
Microscope (STM) and tunnel diodes are discussed to show the practical application of 
quantum tunnelling effects in the real world. 
 

1.0 Introduction  

It is first important to define quantum tunnelling in the context of quantum mechanics. 
While classical mechanics maintains that an object cannot reach the other side of a 
barrier it does not have the energy to surmount, when introducing the wave particle 
duality inherent in quantum mechanics, this changes. The time-sensitive Schrodinger 
equation: 

       (1) 𝑖ℏ 𝑑
𝑑𝑡 |Ψ(𝑡)⟩ = Ĥ|Ψ(𝑡)⟩

 

describes a wavefunction’s evolution with time. As the absolute value of this wave 
function is directly proportional to the probability distribution of observed points as 
shown by 

     (2) ψ(𝑥, 𝑡)| |2 = ψ * (𝑥, 𝑡)ψ(𝑥, 𝑡) = ρ(𝑥),

where  indicates the probability density of a measurement of a particle’s position at ρ(𝑥)
time . As shown in Figure 1, when a wave-function described by the above equations 𝑡
impinges on a barrier, most of it is reflected but some is transmitted to the other side. This 
can be seen through an alternate form of the Schrodinger equation: 

    (3) 𝑑2

𝑑𝑥2 Ψ(𝑥) = 2𝑚

ℏ2 𝑀(𝑥)Ψ(𝑥) =− 𝑘2Ψ(𝑥)

Where  and   is defined by (a particle’s energy in the x-axis ℏ =  ℎ
2π 𝑀(𝑥) 𝑉(𝑥) − 𝐸 

subtracted from its potential energy) and is constant and negative. Solutions to these 
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equations are travelling waves with phase-constant  or . Where  is constant 𝑘 − 𝑘 𝑀(𝑥)
and positive, the equation can be written as: 

    (4) 𝑑2

𝑑𝑥2 Ψ(𝑥) = 2𝑚

ℏ2 𝑀(𝑥)Ψ(𝑥) = 𝑘2Ψ(𝑥)

As the sign of  can be said to define the medium through which the wave 𝑀(𝑥)
propagates, it follows that a region of positive  sandwiched between two regions of 𝑀(𝑥)
negative  constitutes a potential barrier. Through this, it is also possible that coupling 𝑀(𝑥)
occurs between the evanescent waves on either side of the barrier, thus constituting 
quantum tunnelling. 

The wave also, therefore, becomes more delocalised as it now exists with lower 
maximum amplitude and on both sides of the barrier. However, as its integrated 
square-magnitude remains equal, the probabilistic certainty that the particle is detected 
somewhere is retained. 

 

 

 

This shows that, through quantum effects, a wave function (and thus a measured 
particle) can be transmitted through a physical barrier without surmounting it in the 
classical sense.   

The probability of tunneling can be approximated using this equation: 

                                                                                                    𝑇 ≈ 𝑒−2κ𝑑

(5) 

Where d is the distance the particle tunnels through and κ can be expressed as: 
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                                                                                          (6) κ = 2𝑚(ϕ−𝐸)  

ℏ2

 expresses the energy barrier the particle needs to overcome,  is the mass of the ϕ − 𝐸 𝑚
particle. 

1.1 Introduction - STM microscope 

One of the applications of quantum tunneling is STM telescope, or scanning tunneling 
microscope, which uses the method of detecting tunneling current to deduce the distance 
between the surface and the probe, which produces the image that has atomic 
resolution, in other words, it is an instrument that can be used to observe the surfaces of 
material at atomic level. Based on the concept of quantum tunneling, the microscope 
relies on detecting tunneling current from the object that is being observed (which has to 
be conductive). The magnitude of the current is indicative for the distance between the 
probe and the sample surface, therefore, creates an image like a contour map. 

A potential difference will be applied between the probe and the surface for the electron 
to tunnel. In order to capture images with atomic resolution, the probe’s tip must be made 
up of one single atom. The electron will exceed the potential barrier (the gap between 
the probe and the surface of the sample) and reach the atom at the tip of the probe, and 
it will not be lost because it is attracted by the nuclei (which is due to the positively 
charged nucleus being attractive to negatively charged electrons). 

               Figure 2 – The probe‘s tip of 1 atom approaches the surface of the sample 
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From equation (5), The probability of tunnelling, T reduces as d, the distance between the 
probe and the surface of the material, increases. With κ as a constant, we can deduce d 
from the tunneling current detected in the probe, as 

                                                                                              (7) 𝐼 ∝ 𝑇 ≈ 𝑒−2κ𝑑

1.2 Introduction - Nanocapacitors 

 
Nanocapacitors can achieve far higher capacitance as well as storing and releasing 
charge faster compared to regular capacitors [1]. However,  effects due to quantum 
tunnelling can pose a limit for how small they can become. Capacitors function with a 
pair of conductive electrodes separated by an insulating dielectric layer, which has high 
polarizability. This allows it to store charge after a voltage is put across it as one plate 
becomes positively charged and one becomes negatively charged, allowing it to release 
energy as current similarly to a battery. In nanocapacitors, both the electrodes and the 
dielectric can be only a few nanometres thick, and research has shown that capacitors 
with a dielectric with a thickness of only one atom give very similar results to capacitors 
without an insulating layer at all [2]. This is due to the potential well not being large 
enough to prevent quantum tunnelling of electrons between the electrodes, resulting in 
the capacitor being short circuited. 
 
While quantum tunnelling is often an obstacle in the context of nanocapacitors, recent 
research has shown that quantum tunnelling effects can be used to increase the 
capacitance of certain types of capacitors. This is done by cooling them to extreme 
temperatures, where charges are injected into the dielectric layer by applying a strong 
electric field, through field emission tunnelling [3]. 
 

1.3 Introduction - Tunnel Field-Effect Transistor (TFET) 

Another application of quantum tunnelling is Tunnel Field-Effect Transistor (TFET). TFET 
is an experimental transistor to reduce power consumption which uses the quantum 
mechanical band-to-band tunneling instead of using thermionic emission which is applied 
in the conventional MOSFET [5].  

In conventional MOSFET, carriers are required to gain energy that is greater than the 
barrier height to overcome potential barrier to flow from source to drain when gate is 
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triggered. Besides, higher gate voltage is needed (>60 mV/decade switching), which is 
known as the thermal limit [6] for conventional MOSFET. On the other hand, carriers can 
have energy that is less than barrier height but still go through the barrier through 
quantum tunnelling while lower gate voltage (<60 mV/decade switching) is required [6].  

2. Method 

2.1 Method - STM microscope 

For STM microscopes, sensitivity is one of the most important factors when evaluating its 
effectiveness. The energy waste is usually ignored because it is negligible, and most of its 
contribution would be from the external circuit. To show that STM can produce image 
with atomic resolution, we can sub in values in a process shown below: 
 
In order to reach atomic resolution, we can investigate the current change when d varies 
by . 0. 01𝑛𝑚

      (8) ∆𝐼
𝐼 = 𝑒2κ∆𝑑 − 1

where  can be approximated as κ

  (9) κ = 2𝑚(ϕ−𝐸)  

ℏ2 = 2×9.11×10−31×(4.4×1.6×10−19)  

(6.63×10−34× 1
2π )

2 ≈ 1. 07 × 1010

     (10) ∆𝐼
𝐼 = 𝑒2κ∆𝑑 − 1 ≈ 0. 239

This means that for every  chane in d the current vary by . 0. 01𝑛𝑚 23. 9%
 
However, the STM cannot only work with solely a probe that remains in a fixed position. In 
order to gain fine control over the probe (i.e., enabling it to move in all three directions 
over distances that are smaller than the diameter of atom), it is necessary to make use of 
piezoelectric ceramics, applying voltage to such material would cause faint deformation 
on atomic scale, thus, would allow fine movements. The ceramic plate is usually divided 
into four regions, applying different voltages to different regions can enable movements 
in the x and y direction, uniform voltage applied in the two halves can enable movements 
in the z direction (up and down). This is closely related to an effect called piezoelectric 
effect, which describes the phenomenon that when a certain type of material deforms, it 
would generate a potential difference, and the inverse of this effect, also known as the 
inverse piezoelectric effect, is applied by the STM microscope, i.e., applying potential 

The Starry Messenger / Issue 4 / August 2025                                                                                                                10 
ISSN: 3061-9807 



Research Mentorship Programme 2025: Quantum Mechanics  

     Gonullu & Davies, Mahmoud, Valman, Wang, Lim 

difference to cause deformation. Notice that when the potential difference is removed, 
the material would return to its original shape. Materials with this property are called 
piezoelectric materials. 
 

Figure 3 - ceramic plate with probe head attached to it, with movement mechanisms 
 
 
Finally, a coarse adjustment system is required for the movements on millimetre and 
micrometer levels. In order to achieve this, a three-axis adjustment platform with screws 
and springs is needed, as shown below. 
 

The Starry Messenger / Issue 4 / August 2025                                                                                                                11 
ISSN: 3061-9807 



Research Mentorship Programme 2025: Quantum Mechanics  

     Gonullu & Davies, Mahmoud, Valman, Wang, Lim 

                                                    Figure 4 - Three-axis adjustment platform 
 

2.2 Method - Nanocapacitors 

This method uses Field emission tunnelling, a phenomenon where a strong electric field is 
applied to a metal, allowing electrons to escape from its surface in a process known as 
Fowler-Nordheim tunnelling. As an electron approaches the surface of the metal from 
the inside, the probability of it escaping (or “transmission coefficient”) can be calculated 
as a function  of the distance to the barrier h and the barrier field F. It can be 𝐷(ℎ, 𝐹)
modelled by the following approach [4]: 

          𝐺(ℎ, 𝐹) =  𝑔∫ 𝑀
1
2 𝑑𝑥

(11) 
Where the integral is taken across the barrier region, M(x) is as defined in equation (12)  
and g is a universal constant given by  
 

                      (12) 𝑔 =  2 2𝑚/ħ ≈  10. 24624𝑒𝑉−1/2𝑛𝑚−1

 
For simple models: 
 

         (13) 𝐷 ≈  𝑒−𝐺
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This equation is very similar to the general tunnelling probability equation (5), but more 
specific as it gives the probability as a function of field strength as well as distance. This 
shows how the transmission coefficient of a metal can be calculated when placed in a 
strong electric field. 
 
Researchers at the University of Illinois has applied this phenomenon to increase the 
capacitance of nanocapacitors made from aluminium electrodes and an aluminium oxide 
( ) dielectric, with a thickness of only a few nanometres. When using these materials, 𝐴𝑙

2
𝑂

3

electrons can be injected into the dielectric due to the substantial density of electron 
traps, areas which electrons can occupy in a low energy state. This means the injected 
electrons remain stable inside the dielectric provided the temperature is sufficiently low 
such that the conductivity of the dielectric is negligible. When the temperature is 
increased, electrons can diffuse through the dielectric and the trapped charge is released 
to the nearest electrode plate. In order to achieve successful charge storage on the 
dielectric, the electrons must be distributed asymmetrically. If this is managed, once the 
temperature increases, more electrons will flow to one electrode than the other, creating 
a discharge current and thus a release of energy. Such an asymmetric distribution can be 
created through field emission. Additionally, such a technique is only possible on 
nanocapacitors as they can tolerate substantially higher electric fields before the 
dielectric layer is damaged. 
 
In order to perform this technique, the nanocapacitor is cooled to 77K and a voltage is 
placed across it. This charges the capacitor in the standard way, through the dielectric 
being polarised and the electrodes becoming charged. However, the resulting electric 
field between the electrodes, causing field emission from the electrodes. At this 
temperature, electrons can be stored stably in the dielectric layer, causing it to become 
asymmetrically charged over time, allowing more energy to be stored. The amount of 
energy stored in the dielectric depends on the charging voltage, as shown in Figure 2 [3]. 
 

2.3 Method - Tunnel Field-Effect Transistor (TFET) 

In TFET,  the source and channel are separated by a narrow tunnelling barrier. When 
gate voltage is applied, the energy bands bend enough to allow electrons to tunnel 
directly from the valence band of the source to the conduction band of the channel. 
Therefore, quantum tunnelling initiates current flow, even when the gate voltage is below 
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the conventional voltage threshold. Besides that, the probability of quantum tunnelling 
occurrence depends on barrier width and height, not temperature. This makes TFET 
become ideal for low-power electronics, as lowering the barrier height and width can 
significantly increase tunnelling probability and thus reduce the required switching  

voltage.  

 
Figure 5 - Difference between Conventional MOSFET and TFET 

Figure 6 - Difference between thermionic emission and Quantum band-to-band 
tunnelling 

 
Another critical parameter is the energy per decade switching (Subthreshold Swing), 
which is the energy used to change the drain current by one order of magnitude. For 
MOSFET, this value is thermally limited and typically above 60mV/decade, while 
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experimental TFET can achieve switches as low as 20-30mV/decade, significantly 
reducing the power consumption. The reciprocal of the slope of the log(Ids) vs. Vgs 
characteristic is defined as the subthreshold slope, S, and is one of the most critical 
performance metrics for FET in logic applications. It is highly desirable to have S as small 
as possible since this is the parameter that determines the amount of voltage swing 
necessary to switch a MOSFET from its “off” state to its “on” state.  
 
SSmin, is the gate voltage necessary to change the drain current by one decade in 
MOSFET is given by 
 

 𝑆𝑆
𝑚𝑖𝑛

=  
𝑘

𝑏
𝑇

𝑒 𝑙𝑛(10) =  60 𝑚𝑉/𝑑𝑒𝑐

 
TFET operate based on band-to-band tunneling rather than thermionic emission, thus 
their SS behaves differently.  
 

 𝑆𝑆
𝑇

=  2 2𝑙𝑛(10)ℏ

−𝑞π 𝑚
𝑇
𝐸

𝑔

𝑑𝑊
𝑇

𝑑∆𝐸

 
To ensure significant band-to-band tunnelling, the TFET structure must achieve an 
ultra-thin tunnelling barrier at the source-channel junction. The effective tunnelling 
width—defined as the physical thickness of the potential barrier through which carriers 
must tunnel—plays a critical role in determining the on-state current and switching 
characteristics. In this work, we considered device architectures and material systems 
that support tunnelling widths in the range of 1 to 3 nm, which is supported by previous 
modelling and experimental studies (Seabaugh & Zhang, 2010). By leveraging steep 
doping gradients, narrow bandgap semiconductors (such as InAs or Ge), and high gate 
electric fields, the tunnelling region can be compressed to sub-2 nm scales. This reduced 
barrier width significantly enhances the quantum tunnelling probability, following (5).  
 
 
 
 
 
 
 

The Starry Messenger / Issue 4 / August 2025                                                                                                                15 
ISSN: 3061-9807 



Research Mentorship Programme 2025: Quantum Mechanics  

     Gonullu & Davies, Mahmoud, Valman, Wang, Lim 

 

 
Another application of quantum tunnelling is tunnel diodes. These  have a p-n junction 
that is incredibly narrow, allowing electrons to tunnel through it. The p-n junction is where 
the two semiconducting sides meet within the diode. On the “n” or negative side, with 
current flowing from the cathode, the material is doped (with intentional impurities) to 
produce free-moving electrons while the “p” or positive side is doped so the material has 
free moving electron holes - locations in an atom’s structure when an electron is missing. 
In an ordinary diode, this allows the current to flow in only one direction when the 
incoming electrons “fill” the electron “holes”.  
 
The tunnel diode’s incredibly narrow p-n junction (around ) allows electrons to  10 𝑛𝑚
tunnel through it. In forward bias operation, while potential difference rises, electrons 
tunnel through the barrier and fill valence states in the N-side of the junction, which in 
turn align with the electron holes of the P-side. This allows a current to flow across the 
junction. As voltage increases, these states become further misaligned and current 
decreases again. Therefore, we can call this “negative differential resistance” as current 
drops as voltage increases. This is the most useful aspect of tunnel diodes, as they can be 
thought of, for a period, as having negative resistance. Once the voltage increases 
above a certain threshold, it behaves as a regular diode, where electrons 
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conduct through the p-n junction, rather than tunnelling across it. 

 
 

 
Quantum tunnelling is also seen in Nuclear fusion. Nuclear fusion is the process where two 
light atomic nuclei combine to form a heavier nucleus, releasing significant amounts of 
energy. This reaction occurs naturally in stars, where immense pressure and temperature 
allow hydrogen nuclei to overcome their mutual electro-static repulsion (Coulomb 
barrier) and fuse. 
 
However, under the conditions present in many fusion experiments on Earth, the kinetic 
energy of particles is often insufficient to overcome this Coulomb barrier. Quantum 
tunneling provides a probabilistic mechanism by which nuclei can penetrate this barrier, 
allowing fusion to occur at lower-than-classical expected energies. 
 
1.2 Mathematical Description of Quantum Tunneling in Fusion 
 
To model quantum tunneling in nuclear fusion, we analyze a one-dimensional potential 
barrier representing the Coulomb repulsion between two nuclei. The Schrödinger 
equation governs the behavior of a particle (in this case, a nucleus) approaching the 
potential barrier: 
  
 

 ℏ2 𝑑2ψ(𝑥)

−2µ  𝑑𝑥2 + 𝑣(𝑥)ψ(𝑥) =  𝐸ψ(𝑥)
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The Coulomb barrier is given by: 
 

 𝑉(𝑟) =  
𝑍

1
𝑍

2
𝑒

2

4πϵ
0
𝑟

  
  
where Z1 and Z2 are the atomic numbers of the nuclei, e is the elementary charge, and ϵ0 
is the vacuum permittivity. 
 
The probability of tunneling through the barrier (Gamow factor) is given approximately 
 
by: 

  2𝑟2  𝑃 ≈ 𝑒𝑥𝑝  −  2µ(𝑉 (𝑟) −  𝐸) 𝑑𝑟(3)ℏ𝑟1
  
 
This integral is evaluated between the classical turning points r1 and r2 where V (r) = E. 
 

  
 
1.3 Application in Fusion Reactors 
 
In devices such as tokamaks and stellarators, external magnetic fields confine 
high-temperature plasmas to replicate fusion conditions. At temperatures around 108 K, 
nuclei gain enough energy to approach each other closely, and quantum tunneling allows 
for fusion to occur even when classical mechanics predicts repulsion. 
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The fusion cross-section, which incorporates the tunneling probability, determines the 
reaction rate: 
 

  σ𝑣 ∝ ∞ 0σ(𝐸)𝑣𝑓(𝐸) 𝑑𝐸
 
Where f(E) is the Maxwell-Boltzmann distribution of particle energies and σ(E) includes 
the tunneling probability. 

 

3. Results 
 
3.1 Results - STM microscope 

 
Figure 6 - Tunneling current against distance 
 
The graph depicts the relationship between the detected current against the distance 
between the probe and the surface of the material. In the figure above, the curves (from 
bottom to top) each represent diamond, tungsten, graphite, silicon and zinc oxide, with a 
decreasing work function, i.e., in the order of descending potential barrier. Theoretically, 
the curve that is lower has a greater absolute value of gradient, therefore, more 
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sensitive. However, in the common distance range (0.3 to 1.0 nanometers), diamond 
would give negligible tunneling probability, as shown on the figure, it barely exceeds 
0.0001 amps. 
 
3.2 Results - Nanocapacitors 

 
Figure 1 - the capacitance as a function of applied electric field of a dielectric 
nanocapacitor with borophene electrodes separated by insulating hexagonal boron 
nitride layers. Shown for number of layers “n = 1 - 5” [2] 
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Figure 2 showing the energy density in the nanolayer dielectric depending on the voltage 
applied during the charging process, shown for different samples with differing electrode 
materials. [3] 
 

 
 
Figure 3 showing the charge stored in the dielectric,  as a proportion of the charge 𝑄

𝐷

stored in the electrodes, as a function of charging time, shown for different samples of 
capacitors [3] 
 
 
 
 
 
 
 
 
 
 
 
 
 

The Starry Messenger / Issue 4 / August 2025                                                                                                                21 
ISSN: 3061-9807 



Research Mentorship Programme 2025: Quantum Mechanics  

     Gonullu & Davies, Mahmoud, Valman, Wang, Lim 

3.3 Results - Tunnel Field-Effect Transistor (TFET) 

 
Figure 7 shows qualitative comparison of the SS of MOSFET and TFET. TFET (green), 
which has a steep off-on transition and a lower IOFF. At low VG,  because of the 
subthermionic SS, the TFET offers better performance and power reduction. At high VG, 
the MOSFET switch becomes a better solution for higher performance, thanks to the 
higher ION.  

 

4. Discussion 
  
4.1 Discussion - STM microscope 
 
The sensitivity is the steepness of the curve in Figure 6, i.e., , in other words, the 𝑑𝐼

𝑑𝑑

greater the difference in current detected by the probe with fixed change in distance, the 
greater resolution the microscope will have. Theoretically the greater the work function 
of the material, the more sensitive it would be, but the reality is quite counter-intuitive, 
those with middle-low work function show greater sensitivity within the realistic range of 
distances. In fact, mathematically speaking, the steepness should be greater for 
diamonds, however, it has such a large work function, that the probability of tunneling 
approaches 0, the theoretical sensitiveness can only be achieved when the probe is 0.05 
or less nanometers away from the surface of the observed material, which is highly 
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difficult to control and not practical. Similarly, the steepest part of the curve of those with 
high work function usually comes before , which is excluded from the domain of 0. 3𝑛𝑚
the graph, just like in the diamond’s case. Thus, there are some limitations of the material 
that can be observed by the STM. The most ideal material to observe is tungsten, or 
graphite. 
 
4.2 Discussion - Nanocapacitors 
 
Figure 1  shows that capacitance does not increase from 0 when there is only a boron 
nitride monolayer as the electrodes are short circuited, however the maximum 
capacitance is achieved when n = 2, and it decreases as n increases as the electrodes get 
further away, demonstrating the benefits of using nanocapacitors in electronic 
components. 
 
Figure 2 shows a sharp peak in energy density at a certain charging voltage. This is 
because as the strength of the electric field increases, electrons become more likely to 
tunnel through the metal surface and can tunnel further into the dielectric layer. This 
means that as the voltage increases more electron traps in the dielectric can be filled 
meaning more energy can be stored, however if this becomes too large electrons can 
tunnel into too much of the dielectric, removing the asymmetrical charge distribution, 
causing a lower discharge current and lower energy storage. At this peak voltage, 
electrons can tunnel only into the region of the dielectric layer near the anode. However, 
the maximum energy density achieved is higher than the highest managed without this 
technique in other nanocapacitors, achieving similar values to alkaline batteries, 
demonstrating the large impact of this discovery. 
 
Figure 3 shows that the charging of the dielectric can take a very long time, with some 
samples taking up to 20 hours of charging to reach saturation. This demonstrates the 
capacitor having similar properties to a conventional battery, with far longer charging 
times than regular capacitors. However, the charge stored in the dielectric can be more 
than 7 times greater than the charge in the electrodes, and can be stored stably 
provided the temperature remains low enough. This charge can be released when the 
temperature is increased, providing a potentially environmentally friendly method of 
energy storage that could be a valuable alternative to electrochemical storage systems.  
 
4.3 Discussion - Tunnel Field-Effect Transistor (TFET) 
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TFET has many advantages that make it attractive to produce low-power and 
high-efficiency electronics. The ability to switch on gate voltage below the thermal limit 
of 60mV/decade enables them to operate at lower supply voltages, as a result power 
consumption is reduced. In addition, it has low off-state leakage as when the gate is off, 
the energy bands are far apart from each other, thus quantum tunnelling is restricted. 
There will be no thermionic emission occurrence in TFET that might cause battery drain 
and more static power consumption as compared to MOSFET. This is because in 
MOSFET, even if the gate voltage is below threshold, some electrons still gain enough 
thermal energy to cross the barrier, and as the gate oxide gets thinner in modern chips, 
electrons can tunnel through the gate insulator, causing leakage. 
 
However, there are also some limitations for TFET which require further research. First, it 
is low on current. While TFETs have low off-state leakage, their on-state current is lower 
than MOSFET, which limits their speed. Furthermore, small tunnelling distances make 
their behaviour more sensitive and more challenging to manufacturing variations and 
processes.  
 

5. Conclusions  

 
Quantum Tunnelling has many different uses ranging far beyond what is discussed in this 
report, but we have shown a variety of applications, some which are theoretically proven 
and still being researched and some which are in common use. The Scanning Tunnelling 
Microscope was one of the first uses of quantum tunnelling following many theoretical 
discoveries throughout the 20th century, showing how the phenomenon can be applied 
to give highly sensitive images of material surfaces. Additionally, quantum tunnelling has 
wide-reaching effects in electronics, where the constant effort of miniaturisation is limited 
due to quantum tunnelling effects, such as in nanocapacitors. However, it is also a key 
phenomenon in the functioning of semiconductors, with applications in tunnel diodes and 
TFET transistors, as well as being important in flash memory. Quantum tunnelling is also 
at the forefront of research, especially relating to electronics, and the experimental 
results of its use in nanocapacitors could have a large impact on future solutions for 
energy storage, although it is still in an early stage and there are significant drawbacks. 
Lastly, since its discovery, Quantum tunnelling has been found to explain other 
phenomena we see such as nuclear fusion, showing how important it is for increasing 
physical understanding. This report has shown the importance of Quantum tunnelling in 
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different areas of physics, which will continue to increase as more research is continued to 
be done into its future uses.   
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Abstract
According to Einstein’s theory of General Relativity, massive objects distort space-

time around them. This curvature of spacetime bends the trajectories of light from dis-
tant sources, a phenomenon known as gravitational lensing. This paper outlines the
theoretical foundations of lensing, including the Shapiro time delay, the derivation of
the deflection angle, and the lens equation. We also discuss observational techniques,
from strong lensing (e.g. Einstein rings) toweak lensing (statistical analysis tomap dark-
matter distributions), and highlight landmark discoveries such as the 1919 eclipse that
validates Einstein’s theory of GR.We discuss the effects of microlensing, a method used
to detect the dark matter candidate called MACHOs. Finally, we dive into an excit-
ing observational study of LRDs (Little Red Dots), observed differently by Hubble and
JWST, and discuss what the spectra could mean theoretically.

1. Time delay and time dilation
ShapiroTimedelay is the phenomenon inwhich light slowsdownas it travels through

a gravitational field. The equation for the one-way Shapiro time delay is [1]:

Tsh = −2GM

c3
ln(1− R⃗ · x⃗) (1)

Where R⃗ is the vector from Earth to the lensed object and x⃗ is the vector from Earth
to the massive object.

Time is not uniform in the universe. According to Einstein’s theory of General Rel-
ativity, time is influenced by energy and mass, which curve spacetime. Gravitational
Time Dilation causes time to slow down in regions of stronger gravity. Starting with the
Schwarzschild metric, which describes how to calculate distances and time intervals in
curved spacetime, this becomes apparent. The metric is as follows [2]:

ds2 = −
(
1− 2GM

r

)
c2dt2 +

(
1− 2GM

r

)−1

dr2 + r2dθ2 + r2 sin2 θ dφ2 (2)

Let there be a stationary bystander who is observing in spacetime. Thus dθ = dr =
dφ = 0. So the metric becomes ds2 = −(1 − 2GM

r )dt2. Plugging in dτ 2 = ds2 (where

dτ represents the proper time of the bystander) This yields dτ = dt
√
1− 2GM

r [3]. This
relates the proper time of the bystander (dτ ) to time somewhere far away (dt). This
means dτ < dt and time moves more slowly near a large mass.

Additionally, we can use the time delay to findHubble’s constantH0, the current rate
of expansion of the universe. The equation∆t ∝ D∆t

c ∆φ relates the time delay (∆t) to
Hubble’s Constant where D∆t is the time-delay distance and D∆t ∝ 1

H0
. Rearranging

yieldsH0 ∝ 1
D∆t

whereH0 can be calculated after the time-delay distance is calculated
from the images.
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2. The deflection angle

Figure 1: Diagram of the deflection of light

The deflection angle α̂ (Figure 1) is the total angle by which the trajectory of light
is bent as it passes near a massive object, such as a black hole. Here, we present the
derivation (Hartle, Chapter 9 [2]) that uses the curvature of spacetime around an ideal
Schwarzchild black hole described by this metric (in c = G = 1 units):

ds2 = −
(
1− 2M

r

)
dt2 +

(
1− 2M

r

)−1

dr2 + r2(dθ2 + sin2 θ dφ2) (3)

Since the orbit of the light ray is in the equatorial plane, we can set θ = π/2. Light
follows null geodesic ( ds2 = 0), so the metric simplifies to:

−
(
1− 2M

r

)
dt2 +

(
1− 2M

r

)−1

dr2 + r2dφ2 = 0. (4)

According to Hartle, these quantities are conserved (λ is an affine parameter):

e ≡ −ξ · u =

(
1− 2M

r

)
dt

dλ
,

ℓ ≡ η · u = r2 sin2 θ
dφ

dλ
,

(5)

Substitute

dt

dλ
=

e

1− 2M/r
and

dφ

dλ
=

ℓ

r2
(6)

into ds2 = 0:

− e2(
1− 2M

r

) +

(
1− 2M

r

)−1 (dr

dλ

)2

+
ℓ2

r2
= 0. (7)

and rearrange to get:
(
dr

dλ

)2

= e2 − ℓ2

r2

(
1− 2M

r

)
(8)
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Then, we define an impact parameter b = |ℓ/e|which is the closest approach of the
light ray to the massive object. We consider a light ray approaching the massive object
in the direction parallel to the x-axis at a distance d away from it [4]. For a source of
light far enough away (r → ∞, r ≫ 2M ), b approximates to d.

The orbital equation of the light ray becomes:

dφ

dr
=

dφ/dλ

dr/dλ
=

ℓ/r2√
e2 − ℓ2

r2

(
1− 2M

r

) =
1

r2

[
1

b2
− 1

r2

(
1− 2M

r

)]−1/2

. (9)

Tofind the total angle sweptby the light ray’s trajectory,we integrate this expression.
Note that the total angle ∆φ swept equals twice the angle swept from infinity to the
turning point r = r1 (where dr/dλ = 0, as shown in Figure 1):

∆φ = 2

∫ ∞

r1

dr

r2

[
1

b2
− 1

r2

(
1− 2M

r

)]−1/2

. (10)

This evaluates to:

∆φ ≈ π +
4M

b
. (11)

As shown in Figure 1, the deflection angle is:

α̂ = ∆φ− π =
4M

b
(12)

RestoringG and c:

α̂ =
4GM

c2b
(13)

In 1804, Soldner first calculated the deflection angle of light as 2GM/c2b by treat-
ing light as a Newtonian particle moving at speed c. However, in 1916, Einstein’s general
relativity predicted a deflection angle twice this value (which was the same as the ex-
pression above)[5]. For light grazing the Sun (see Figure 2), these theories predicted
0.8 arcseconds (Newtonian) and 1.7 arcseconds (GR), respectively. Subsequent obser-
vations of the 1919 solar eclipse confirmed Einstein’s prediction.

Figure 2: Deflection by the sun [6]
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3. Lens equation
A simple geometric model for a standard gravitational lens and a source is summa-

rized in Figure 3 below:

O

S

DL DLS

DS

b+

b−

βDS

α̂+DLS

θ+DS

β
α θ+

θ−

α̂

Figure 3: Cross-section showing light rays travelling from source S to observer O

We use the thin lens approximation, where the lens is treated as a point and all de-
flection takes place in a transverse plane at that point. The angles involved are small,
so we can treat triangles as sectors of a circle. We arrive at the lens equation [2][7]:

θDs = βDS + α̂DLS

β = θ − DLS

DS
α̂

(14)

This relates the real position of the source to the observed position assuming light
travels through a single gravitational field. Note that in relativity, DLS is not always
equivalent toDS −DL. We arrive at the vector form:

β⃗ = θ⃗ − DLS

DS

⃗̂α (15)

Where β⃗ would be the vector angle to the source if no lensing had occurred and
θ⃗ is the vector angle to the lensed image [8]. Furthermore, if we define the reduced
deflection angle α⃗ ≡ DLS

DS

⃗̂α then we obtain:

β⃗ = θ⃗ − α⃗ (16)
Additionally, using b ≈ θDL we obtain α̂ = 4GM

c2b = 4GM
c2θDL

[9]. As previously derived,
β = θ − DLS

DS
α̂. Substituting α̂ obtains:

β = θ − DLS

DS

4GM

c2θDL

θ(θ − β) =
4GM

c2
DLS

DLDS

(17)
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We define θE to be the value of θ at which β = 0. Here there is perfect alignment of
the source, lens and observer. Therefore [10]:

θ2E =
4GM

c2
DLS

DLDS
(18)

β = θ − θ2E
θ

(19)

This interpretation of the lens equation is essential for image positioning, as θ de-
termines the apparent angular position of the images after lensing. Note that the de-
flection angle for a black hole can be simplified, since the Schwarzschild radius is given
by rs = 2Gm

c2 , while the escape velocity ve =
√

2Gm
r = βec, evaluating to a fraction of the

speed of light. Consequently, we can express the deflection angle as [9]:

α̂ = 2
rs
r

= 2(
ve
c
)2 = 2β2

e (20)

Gravitational lensing cannot be considered with an ordinary geometric optic equa-
tion linear object-distance relations cannot beassumed; the lensingdepends on the cur-
vature of spacetime and matter distribution. Light therefore follows geodesics due to
spacetime curvature caused by the lens.

d2xµ

dτ 2
+ Γµ

νλ

dxν

dτ

dxλ

dτ
= 0 (21)

Here, d2xµ

dτ2 is the acceleration of a particle with respect to proper time, Γµ
νλ is a

Christoffel symbol with affine parameter µ, and dxν

dτ
dxλ

dτ is the tangent vector to the par-
ticle’s geodesic. [11]

4.Surface mass density
Suppose an observer looks towards a lensing object in the sky. The spherical object

appearsasa circle. Theamount ofmass in eachunit areaof theprojectionof the sphere
onto a circle is given byΣ, the surfacemass density. The surfacemass density at a point
on the circle is equal to the sum of the mass in each thin column extending from the
observer to the circle. Hence we have [10]:

Σ(b) =

∫ Ds

0

ρ(b, z)dz (22)

The mass of the lens is the sum of the masses of concentric rings of thickness db′

from the centre of the lens:

M(b) =

∫ b

0

Σ(b′)(2πb′)db′ = 2π

∫ b

0

Σ(b′)b′db′ (23)

Assuming constant surface mass density:

α̂ =
4GM

c2b
=

4G

c2
2π

∫ b

0 b
′db′Σ

b
=

4GπbΣ

c2
so Σ =

c2α̂

4Gπb
=

c2α

4Gπ

DS

θDLDLS
(24)

The critical density occurs when β = 0 so α = θ giving:
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Σcr =
c2

4Gπ

DS

DLDLS
(25) α =

Σ

Σcr
θ = κθ (26)

The convergence κ = Σ
Σcr

, and strong lensing occurs when Σ > Σcr.

5. Multiple images
From earlier we have that θ(θ − β) = 4GM

c2
DLS
DLDS

. A situation with perfect alignment
between the source, lensingobject andobserveroccurswhenβ = 0, whichmakesFigure
3 symmetric in the horizontal axis so θ+ = θE = θ− = 4GM

c2
DLS

DLDSθ+
. Hence:

θE =

√
4GM

c2
DLS

DLDS
(27)

Since we have perfect alignment, a ring of light will form around the massive object
with angular radius θE, the Einstein radius. Otherwise we still have β = θ − θ2E

θ so:

θ± =
1

2
(β ±

√
β2 + 4θ2E) (28)

These represent the angular positions in which the two lensed images form. The
overall image could be an elliptical ring, or multiple distorted images rather than a con-
tinuous shape. Additionally an image will only form if κ > 1. The number of images
produced will always be odd according to odd number theorem [12], though since this
includes the central, original image, it can also be thought of as additional images ap-
pearing in pairs.

6. Brightness
Gravitational lensing can magnifies objects. Flux is conserved, but the observed

area increases, so total brightness increases. Consider a system of concentric rings of
thickness dβ and dθ forming the unmagnified image and the imagewe perceive respec-
tively, where θ could be θ+ or θ−. Therefore brightness magnification µ is [10]:

µ =
Image size
Actual size

=
2πθ · dθ
2πβ · dβ =

θ

β

dθ

dβ
(29)

Hence magnification due to θ± is:

µ± =

∣∣∣∣∣

1
2(β ±

√
β2 + 4θ2E)

β
(
1

2
± 1

4
(β2 + 4θ2E)

− 1
2 )

∣∣∣∣∣ = ±1

2
+

u2 + 2

2u
√
u2 + 4

(30)

Total magnification becomes:

µ =
u2 + 2

u
√
u2 + 4

(31)

Notably for a circular Einstein ring, when β = 0 we have u = 0 so magnification
approaches infinity.

The Starry Messenger / Issue 4 / August 2025
ISSN: 3061-9807

34



Research Mentorship Program 2025: General Relativity and Cosmology
Azevedo, Bhanji & Allen, Ge, Lightman, Wang

7. Lensing potential
We define lensing potential ψ as a projection of gravitational potential Φ onto the

lens plane. We then define the gradient of the lensing potential to equal the reduced
deflection angle α. This leads to the definition [13]:

ψ(θ⃗) =
DLS

DLDS

2

c2

∫
Φ(⃗b, z)dz (32)

Using b = θDL, the gradient becomes:

∇⃗θ⃗ψ = DL∇⃗b⃗ψ = DL
DLS

DSDL

2

c2

∫
∇⃗⊥Φdz = α⃗ (33)

Additionally, using Poisson’s equation for gravity,∇2Φ = 4πGρ, we have that:

∇2
θφ = DL∇⃗b ·

DLS

DS

2

c2

∫
∇⃗bΦdz =

DLDLS

DS

2

c2

∫
∇2

bΦ =
24πGΣ

c2
DLDLS

DS
θ

θ
=

2α

θ
= 2κ (34)

8. Redshift
One alternative method to determining the Hubble constant is through using red-

shifts of distant gravitationally lensed galaxies. Let a(t) be a scaling parameter of the
universe that acts as the ratio between the size of the universe now and the size of the
universe in the past. Using the FLRWmetric [14]:

ds2 = −dt2 + a(t)2(
dr2

1−Kr2
+ r2Ω) (35)

whereK is the curvature of the universe, it can be shown that:

a0
ae

= z + 1 (36)

Where z is the redshift of an observed object. Consider two points in time: t0 (now)
and te, the time at which a photon is released from the lensed object that is observed at
t0. We find using dte

dt0
= dae

da0
:

dz

dt0
=

1

ae

da0
dt0

− a0
a2e

dae
dt0

=
a0
ae

ȧ0
a0

− ȧe
ae

= (z + 1)H0 −H(z) (37)

We will now integrate redshift into the lens equation. Let χS,χL,χLS be co-moving
distances. That is they are independent of the expansion of the universe. We define
these variables such that DS = aSχS, DL = aLχL. In the general case of a co-moving
distance, using a = a0

1+z and
da
dz = − a0

(1+z)2 we find that [15]:

dt = − 1

H(z)

a0
(1 + z)2

dz
1 + z

a0
= − 1

H(z)

1

1 + z
dz (38)

Therefore:
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χ = −
∫ t0

te

c

a
dt′ =

1

a

1

1 + zS

∫ zS

0

c

H(z′)
dz′

DL = aLχL =
1

1 + zS

∫ zS

0

c

H(z′)
dz′

(39)

And DS similarly. However since an observer at the lens sees a universe that is
smaller by a factor of 1

1+zL
:

DLS = aL
aS
aL

(χS − χL) =
1

1 + zS

∫ zS

zL

c

H(z′)
dz′ (40)

Additionally, using the lens equation we have that:

θ(θ − β) = θ2E =
4GM

c2
DLS

DLDS
=

4GM

c2
(1 + zL)(

1

χL
− 1

χS
) (41)

From thiswe see that the Einstein radiuswill changeover time. This is because as the
universe expands,DL, DS andDLS will increase, whilst b does not. This also means that
β is constant over time since it relies solely onDS. Recalling that θ± = 1

2(β ±
√
β2 + 4θ2E

we obtain β = θ+ + θ− and θ2E = −θ+θ−. By first taking the derivative with respect to t0
on both sides of θ2E = −θ+θ− it can be shown that:

2

θE

dθE
dt0

= H0 −
HL

1 + zL
(42)

We can also consider the time delay accounting for the expansion of the universe
through:

1

∆

d∆

dt0
= (H0 −

HL

1 + zL
)
ln −θ−

θ+
+ θ−+θ+

θ−−θ+

ln −θ−
θ+

+
θ2++θ2−
θ+θ−

(43)

where∆ = total time delay = ∆geom +∆pot However it should be worth noting that
using this method to determine the Hubble constant would take an extremely long time
to detect any changes.

9. Microlensing
Microlensing relies on relativemotion between the lens and the source and produces

a dynamic change in brightness rather than many static images. Examples of micro-
lensers includeMACHOS (MassiveCompactHaloObjects), which is a candidate for dark
matter, and difficult to detect using anything aside their occasional gravitational disrup-
tions and involves astronomical objects like brown dwarfs and primordial black holes.
Figure 4 shows an example of how the relativistic motion in the observer’s line of sight
affects the observation. Here the lens is occulting the source, but the light has bent
around so the source can be seen[7].

The time taken for a MACHO to move one Einstein radius is [2]:

t =
θEDL

ν
(44)
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H

Figure 4: The alignment between lens and source gets better, until it is perfect in the
rightmost panel. This observation is called an Einstein ring

where ν is the MACHO velocity. As the MACHO aligns with the observer’s line of
sight and the lens, the apparent brightness of the source increases by the amplifica-
tion factor A(u) = u2+2

u
√
u2+4

. The change in observed brightness can be plotted on a light
curve.

Imaging also helps to plot critical and caustic curves, which allow astronomers to
predict observations as the MACHO moves through the Einstein radius [16]. Critical
curves show where the image will be infinitely magnified. Caustic curves show where
there will be multiple images from the same source. Critical curves are determined by
taking a set of x values, then calculating the determinant of the Jacobian matrix Â. A
Jacobian is a matrix transformation that approximates non-linear transformations as
linear ones at a local level. Let Â be the Jacobian of the lens equation β⃗ = θ⃗ − α⃗(θ⃗).
Then [17]

Âij =
∂β⃗i

∂θ⃗j
= (δij −

∂α⃗i

∂θ⃗j
) = (δij −

∂2ψ

∂θ⃗i∂θ⃗j
) (45)

Additionally, we know that locally, transformations will have a magnification com-
ponent and a shear component. The shear component is to better approximate the
more elliptical shape of lensed objects, and the magnification we have already shown.
We will obtain a 2x2 matrix, noting that Â12 = Â21 We recall from Section 7 that:

κ =
1

2
∇2
θψ =

1

2
(
∂2ψ

∂θ⃗21
+
∂2ψ

∂θ⃗22
) (46)

Let

γ1(θ⃗) =
1

2
(
∂2ψ

∂θ⃗21
− ∂2ψ

∂θ⃗22
) = γ cos(2φ(θ⃗)) γ2(θ⃗) =

∂2ψ

∂θ⃗1θ⃗2
= γ sin(2φ(θ⃗))

γ(θ⃗) =
√
γ21 + γ22 φ = arctan(

γ2
γ1

)

(47)

The Jacobian matrix then becomes:

Â =

⎛

⎝
1− ∂2ψ

∂θ⃗21
− ∂2ψ

∂θ⃗1θ⃗2

− ∂2ψ

∂θ⃗1θ⃗2
1− ∂2ψ

∂θ⃗22

⎞

⎠ =

(
1− κ− γ1 −γ2

−γ2 1− κ+ γ1

)

=
(
1− κ

)(1 0
0 1

)
− γ

(
cos(2φ) sin(2φ)
sin(2φ) − cos(2φ)

) (48)
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Additionally, since we aremapping β onto θ, the determinant of the matrix encodes
the change in area and therefore brightness: [18]:

µ =
1

|Â|
=

1

(1− κ)2 − γ2
(49)

If |Â| = 0, then the image has been infinitely magnified, and a critical curve should
be plotted. If the tangential eigenvalue associated with distortion perpendicular to the
radial plane evaluates to 0, or λt = 1− κ− γ = 0 then a tangential critical curve should
be plotted. If the radial eigenvalue associated with distortion along the radial plane
evaluates to 0, or λr = 1−κ+ γ then a radial critical curve should be plotted. Examples
of such curves are shown in Figure 5 [19]:

Figure 5: A tangential (larger), and a radial (smaller) critical curve ) of a NFW halo

When gravitational waves pass through the lens plane, they are distorted by the
gravitational field of the lens, and the rays reach the observer at different times. The
time taken for the image to be observed can be determined from the time delay func-
tion td(ξ, η), where ξ is the position of the source in the source plane and η is the image
position in the image plane. The cosmological time delay function is given by [20]:

td(ξ⃗, η⃗) =
Dsθ2E
DLDLS

(1 + zL)Td(x⃗, y⃗) (50)

Where the time delay function is:

Td(x⃗, y⃗) =
1

2
|x⃗− y⃗|2 − ψ(x⃗)− φm(y⃗) (51)

Here, φm(y⃗) is the time taken for the first image to be observed, and zl is the redshift
of the lens. The amplification factor is shown as follows:

F (f) =
Dsθ2E(1 + zL)

DLDLS

f

i

∫
d2x⃗e2πftd(x⃗,y⃗) (52)

Expressing this in terms of frequency, where ω = 8πML(1 + zL)f results in:

F (w) = −iω

∫
d2x⃗eiωTd(x⃗,y⃗) (53)
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Taking the inverse Fourier transform of the amplification factor gives the diffraction
integral, which describes the distortion of wavefronts as a result of the gravitational
potential of the lens:

F (t) =

∫
dxdyδ(Td(x⃗, y⃗)− t) (54)

10. Weak lensing
Observing from earth, gravitational lensing can sometimes be strong enough to

cause dramatic distortions of background objects such as multiple images, arcs, and
rings (strong lensing). Usually weak lensing occurs, with the effect causing small, but sta-
tistically coherent distortions of background sources [21]. Therefore, only by observing
a large number of galaxies can we detect statistical signals and thus infer the distribu-
tions of mass - such as galaxy clusters or darkmatter - causing this effect. This is known
as weak lensing analysis.

Figure 6: Galaxy-galaxy weak lensing [22]

Figure 6 illustrates the effect of weak gravitational lensing by foreground galaxy
clusters on background galaxy shapes. The upper left panel shows undistorted fore-
ground clusters (yellow) and background galaxies (white). The lower right panel includes
the effect of lensing: background galaxies appear to be stretched (shear) tangentially
around the cluster.

Oneof themost excitingapplicationsofweakgravitational lensing is theEuclid Space
Telescope, launched in July 2023 [23]. Designed to survey billions of galaxies, Euclid
captures the subtle distortions in galaxy shapes caused by gravitational influence of
dark matter along the line of sight.

As illustrated in Figure 7 (a)(b), lensed galaxies at approximately equal distances
from theobserver showcoherent distortions due to foregrounddarkmatter. Lines in the
figure quantify these distortions through shear (stretching of galaxy shapes). Analysis
of distortions across a wide field of view can allow us to reconstruct the dark matter
distribution of the universe, shown by Figure 7 (c). Statistical analysis of the shear fields
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(a) (b) (c)

Figure 7: Weak lensing application[24]

reveals not only the locations of dark matter halos but also how they evolve with time,
providing critical information for both dark matter physics and cosmological models.

11. Gravitational lensing of LRDs
Gravitational lensing currently probes exciting new research. In March 2024, JWST

discovered Little RedDots (LRDs). These are exceptionally young, highly redshifted ob-
jects that formed as early as 600million years after the Big Bang. The LRDs could rep-
resent a phase of supermassive black hole evolution previously overlooked, yet still not
much is known about them.

One example of observational data on LRDs is Abell2744-QSO1. When observed
with the Hubble Space Telescope using 0.5-1.5µm observations, the LRDwas dismissed
as a lensed high-redshift object, because it was observed to be UV faint (MUV = -16.98
±0.09), then when imaged in 1-5µm with JWST, the object appeared very red (MUV =
2.63±0.1 ). This observation supports the thought of the object being an active galactic
nucleus, since their spectral energydistributions tend to showhugepeaks in the IR range,
which aligns with the observation here. The observation from JWST is shown below in
Figure 8 [25].

Figure 8: Three composite-colour images of A2744-QSO1

The Starry Messenger / Issue 4 / August 2025
ISSN: 3061-9807

40



Research Mentorship Program 2025: General Relativity and Cosmology
Azevedo, Bhanji & Allen, Ge, Lightman, Wang

Conclusion
JWST is on the hunt for more observations into the mysterious LRDs to gain more

data and conduct a thorough analysis of their properties. Once this is obtained, re-
searchers can investigate the exact nature of the most redshifted objects in the Uni-
verse. With this information, we will have a better idea of a newly-discovered phase
within supermassive black holes, alongwith the thermal conditions of the early universe.
Another interesting aspect of gravitational lensing is its ability to detect clusters of mat-
ter which wouldn’t normally interact with anything, and are optically unobservable. For
instance, microlensing techniques have been used to detect MACHOS, massively com-
pact halo objects. Astrophysicists think objects such as primordial black holes, brown
dwarfs, or even exotic non-topological fields within the universe could make up 70 per-
cent of the mass in the universe that has not been accounted for previously. While this
research is new, old techniques relying upon the geometry of weak and strong lensing
can still be used for exciting new discoveries. While this is inspiring, researchers must be
weary of the fact that the expansion of the universe is enough to modify Ds, DL, and
DLS.
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Abstract 

The aim of this report is to give an insight into the modeling process in nuclear 
physics by evaluating how relativistic mean field (RMF) theory is used to describe neutron 
star matter. It focuses on how we mathematically represent matter at extreme densities 
that cannot be studied directly. The RMF framework is used to derive an equation of 
state, which is tested against observational constraints such as neutron star mass and 
radius. The strengths and limitations of this approach are assessed, with a brief 
discussion of possible improvements. 

1.Introduction and Preliminaries 

Neutron stars are the collapsed cores left behind after massive stars explode as 
supernovae. With masses comparable to the Sun but radii of only about 10–12 km, they 
represent the densest observable matter in the universe. Studying them provides a 
unique opportunity to probe nuclear matter under extreme conditions inaccessible in 
terrestrial experiments. 

Before we try to build a theoretical model, it’s wise to look at the real thing. Observations 
act as a set of rules or constraints that any good model must follow. The three most 
important properties we can measure are a neutron star’s mass, its radius, and its 
deformability.  

The mass is observed when a neutron star orbits another object, such as in a binary 
system. We can track their motion using radio or X-ray telescopes. This lets astronomers 
calculate the mass using gravity and relativity. Many neutron stars have masses around 
one and a half times that of the Sun, but some are heavier, reaching over two solar 
masses. A model must explain how a star can remain stable at this mass without 
collapsing into a black hole. 

The radius of a neutron star is harder to measure, but X-ray missions like NASA’s NICER 
have developed clever ways to estimate it. As a neutron star spins, it emits X-rays from 
hot spots on its surface. The intense gravity around the star bends the path of this light. 
By analysing how much the light is bent, scientists can estimate how compact the star is 
and thus infer its radius. These measurements suggest a typical neutron star has a radius 
of about 10 to 12 kilometres. 
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Tidal deformability is a property related to how easily a neutron star changes shape 
when it is near another massive object.This tells us how stiff or soft the star is on the inside 
and gives us information about its internal pressure. During the final stages of a neutron 
star merger, gravitational waves are emitted that carry information about how squishy 
or stiff each star is. A stiffer star resists deformation, while a softer one is more easily 
stretched. By analysing the gravitational wave signals, scientists can estimate how 
deformable the stars were, giving clues about the internal pressure and structure. 

From these observed features, we can tell that any physical model must include three 
essential ingredients: 

● Relativity: At such high densities, the energy of particles is not just due to their 
motion but also to their mass. In classical physics, energy and mass are separate, 
but in Einstein’s theory of relativity, mass and energy are equivalent. This means 
we must describe particles in a way that accounts for both their motion and their 
rest mass energy at the same time. A non-relativistic model would miss key effects 
that become important at these energy scales. 

● Quantum mechanics: Specifically, the Pauli exclusion principle. The particles 
inside neutron stars, such as neutrons, are fermions, which means no two of them 
can be in exactly the same state at the same time. This rule creates an outward 
push called degeneracy pressure. Even if the temperature is extremely low, 
fermions resist being squeezed too close together. This quantum pressure plays a 
key role in holding the star up against gravitational collapse. 

● Isospin asymmetry: Neutron stars are not made of equal parts protons and 
neutrons. Instead, they are mostly neutrons, because protons and electrons inside 
the star tend to combine to form neutrons through weak interactions. This 
imbalance affects how the particles interact through the strong nuclear force, 
since the force behaves differently between protons and neutrons. A realistic 
model must capture these differences to accurately describe the matter inside the 
star. 

The goal of the next section is to construct a theoretical framework that includes all these 
ingredients and can produce an equation of state. This will allow us to calculate how 
pressure varies with energy density and determine whether a model can support the 
observed properties of neutron stars. 
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2.Modeling Extreme Nuclear Matter with RMF 

2.1 Motivations for Using Relativistic Mean Field Theory 

Neutron star cores contain matter at densities several times greater than that of ordinary 
atomic nuclei. At such extreme densities, the fundamental theory governing the strong 
force called Quantum Chromodynamics (QCD) becomes impossible to solve directly 
because the usual methods for calculation no longer work. This means we cannot use 
QCD in its full form to describe the behavior of matter in neutron stars. Instead, we turn 
to effective theories that capture the key features of QCD but work with more 
manageable building blocks such as nucleons (protons and neutrons) and meson fields. 

Relativistic Mean Field (RMF) theory is one of the most successful effective approaches 
for this problem. It treats nucleons as particles moving according to relativistic physics, 
which is important because the energies and densities involved are so high that 
non-relativistic approximations would fail to capture crucial effects. RMF models nucleon 
interactions by introducing meson fields, which act as carriers of the strong force 
between nucleons. These meson fields provide both the attractive and repulsive forces 
necessary to describe nuclear matter realistically. 

Since the matter inside neutron stars is incredibly dense, the system can be approximated 
as a continuous medium rather than as discrete particles. This allows the meson fields to 
be treated as classical, smooth fields rather than fluctuating quantum fields, simplifying 
the problem to solving self-consistent equations for average field values. This approach 
reduces an otherwise impossible quantum many-body problem into something 
mathematically and computationally manageable, while still preserving the essential 
physics. 

Additionally, RMF naturally incorporates isospin asymmetry, which accounts for the fact 
that neutron star matter is neutron rich rather than symmetric in protons and neutrons. 
By including mesons that distinguish between neutrons and protons, RMF can model how 
this imbalance affects the properties of nuclear matter. Moreover, RMF frameworks can 
be extended to include conditions necessary for neutron star matter such as electrical 
neutrality and beta equilibrium. 

Overall, RMF theory offers a flexible, relativistic, and physically motivated framework to 
model dense nuclear matter and derive the equation of state (EOS). The EOS describes 
how pressure relates to energy density in nuclear matter and is required to understand 
neutron star structure and behavior. 
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2.2 The General Relativistic Mean Field (RMF) Model 

Since we must rely on effective models, our goal is to obtain an equation of state (EoS) 
that relates energy density to pressure. This is essential for describing the overall internal 
structure of a neutron star in a mathematically consistent way. To achieve this, we adopt 
a relativistic mean field (RMF) model. 

We begin by clarifying the concept of a field. In physics, a field refers to a region of space 
in which a physical quantity is defined at every point such as a scalar, vector, or etc. 

In RMF theory, we consider two fundamental types of fields: 

Nucleon field : A Dirac spinor field representing protons and neutrons. It encodes Ψ(𝑥)
intrinsic properties such as mass, spin, and relativistic behavior of nucleons. (spinors are a 
specific type of mathematical object, a detailed understanding of them is not necessary 
for the purposes of this paper. ) 

Meson fields: These represent the nuclear forces through effective bosonic fields, 
replacing the complexity of QCD. Instead of modeling gluon exchange and quark 
confinement directly (which becomes intractable at low energies), we use mesons to 
approximate the interaction:Scalar meson : Describes attractive forces,Vector σ(𝑥)

meson : Describes repulsion at short range,Isovector meson : Encodes the ωµ(𝑥) ρ
→µ

(𝑥)
isospin dependence (proton–neutron differences). 
These fields will be used to construct a Lagrangian density, from which we derive the 
equations of motion using the principle of least action. This will allow us to create an EoS. 
Before proceeding, we will first introduce the concepts of the Lagrangian density and the 
principle of least action. 

The Lagrangian density 𝓛 is a function of the fields and their spacetime derivatives. It 
encapsulates the dynamics of a system in a manner analogous to the classical 
Lagrangian  where  is the kinetic energy and  is the potential energy. We 𝐿 = 𝑇 − 𝑉 𝑇 𝑉
use densities because in field theory energy is distributed throughout space rather than 
at a single particle so we define a density . This allows us to handle continuous systems 
like nuclear matter in neutron stars rather than individual particles 

With this we define the action  defined as the integral of the Lagrangian density over all 
four dimensions of spacetime: 

                                                                      (1) 𝑆 = ∫ 𝑑4𝑥 𝓛  
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Where  . According to the principle of least action, the actual 𝑑4𝑥 =  𝑑𝑡 · 𝑑𝑥 · 𝑑𝑦 · 𝑑𝑧 
evolution of a physical system corresponds to a path (or field configuration) for which the 
action S is stationary under small variations of the fields. That is, for a small variation of 
the field , the resulting change in action  satisfies: δ𝑆

                                                                            (2) δ𝑆 = 0

We can now define the specific Lagrangian density for the RMF model. It is composed of 
four terms corresponding to the free fields: one for the nucleon, and one each for the , σ

, and mesons. In addition, it includes three interaction terms, each describing the ω ρ
coupling between the nucleon field and one of the meson fields. Together, these terms 
capture both the independent dynamics of each field and their interactions within the 
nuclear medium. The full Lagrangian density is given by: 

    𝓛 = ψ  (𝑖γµ∂
µ
 − 𝑚)ψ + 1

2  (∂
µ
 σ∂µσ − 𝑚

µ
2 σ2) − 1

4 ω
µν

ωµν + 1
2 𝑚

ω
2ω

µ
ωµ...

     (3) − 1
4 ρ

µν

→
· ρ

→µν
+ 1

2 𝑚
ρ

2ρ
µ

→
· ρ

→µ
− 𝑔

σ
ψσψ + 𝑔

ω
ψγµω

µ
ψ + 𝑔

ρ
ψ γµτ

→
· ρ

µ

→
ψ

 

By applying the principle of least action (2) to the action (1), we arrive at the Euler– 
Lagrange equation for any field ϕ: 

                                                            (4) ∂𝓛
∂ϕ − δ

µ
( ∂𝓛

∂(∂
µ
ϕ) ) = 0

Applying the Euler–Lagrange equation (4) to the full Lagrangian density (3) yields the 
equations of motion for each field: 

● Dirac equation for the nucleon field : ψ

                         (5) [γµ(𝑖∂
µ

− 𝑔
ω

ω
µ

− 𝑔
ρ
τ
→

· ρ
µ

→
) − (𝑚 − 𝑔

σ
σ)]ψ = 0

● Field equation for the scalar meson : σ

                                                                  (6) ∂
µ
 ∂µσ + 𝑚

σ
2 σ = 𝑔

σ
ψ ψ

● Field equation for the vector meson : ωµ

                                                                  (7) ∂
ν
 ωνµ + 𝑚

ω
2 ωµ = 𝑔

ω
 ψ γµψ

● Field equation for the isovector meson : ρ
→µ

                                                          (8) ∂
ν
ρ
→νµ

+ 𝑚
ρ

2ρ
→µ

= 𝑔
ρ
ψγµτ

→
ψ
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These are coupled, nonlinear, relativistic field equations that are extremely difficult to 

solve exactly due to the dependence on bilinear terms like , which involve many-body ψψ
quantum correlations. 

 
To make progress, we adopt the mean field approximation, where meson fields are 
replaced by their classical expectation values, assuming the system is uniform and static: 

, ,  .This reduces the quantum field problem to a set of σ(𝑥) → σ  ωµ(𝑥) →  ω
0

ρ
→µ

(𝑥) → ρ
0

3

self-consistent algebraic equations, making it tractable while still capturing the essential 
physics of nuclear matter. It also reflects the physical assumption that, in infinite nuclear 
matter (e.g. in a neutron star core), local fluctuations average out over large scales. 

With the meson fields now treated as classical, constant background fields, we can solve 
the equations of motion self-consistently and derive expressions for the energy density 
and pressure, which together form the equation of state (EOS). The EOS relates key 
properties like pressure, density, and energy in neutron star matter, serving as a crucial 
input for understanding the star’s structure and behavior. 

 

          (9) ϵ =
𝑖=𝑝,𝑛

∑ 1

π2
0

𝑘
𝐹

𝑖

∫ 𝑘2 𝑘2 + 𝑀*2𝑑𝑘 + 1
2 𝑚

σ
2σ

2
+ 1

2 𝑚
ω

2ω
0

2
+ 1

2 𝑚
ρ

2ρ
0

2

3
+ ϵ

𝑙

           (10) 𝑃 =
𝑖=𝑝,𝑛

∑ 1

3π2
0

𝑘
𝐹

𝑖

∫ 𝑘4

𝑘2+𝑀*2
𝑑𝑘 − 1

2 𝑚
σ

2σ
2

+ 1
2 𝑚

ω
2ω

0

2
+ 1

2 𝑚
ρ

2ρ
0

2

3
+ 𝑃

𝑙

where  is the Fermi momentum of each nucleon species,  is the effective 𝑘
𝐹

𝑖

𝑀 *= 𝑀 − 𝑔
σ
σ

nucleon mass, and and  are the energy density and pressure from leptons ϵ
𝑙

𝑃
𝑙

respectively. 

The effectiveness of the RMF model in describing neutron star matter can be visualized 
below in Fig 1 . The red line represents an upper limit on the equation of state (EOS), 
corresponding to a stiff EOS where pressure increases rapidly with density, leading to 
neutron stars with larger radii and maximum masses. The green line represents a lower 
limit, indicating a soft EOS where pressure grows more slowly, producing smaller and less 
massive neutron stars. The RMF model prediction, shown by the blue line, falls between 
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these two limits, demonstrating that it provides a reasonable EOS consistent with stable 
neutron star configurations, though it may not account for all forms of matter present. 

 

Figure 1: Example Equations of State (EoS) relating pressure to energy density. 
The”stiffness” of an EoS is a key theoretical prediction and the primary input for 
calculating a star’s structure 

 

Although we have now reached the EOS, further physical constraints must be imposed to 
model neutron star matter accurately. These include conditions such as beta equilibrium, 
which balances weak interaction processes between particles, and electrical neutrality, 
ensuring the matter has no net charge. For the sake of brevity, we will not detail these 
constraints here, but they play an essential role in refining the EOS for realistic neutron 
star modeling. 

Definition: (Beta Equilibrium) A condition where chemical potentials are balanced for 

weak interactions  leading to  (𝑛 ↔ 𝑝 + 𝑒−) µ
𝑛

= µ
𝑝

+ µ
𝑒

Definition: ( Charge neutrality) The requirement that the matter has no net charge, such 
that the proton density is balanced by the lepton densities  ρ

𝑝
= ρ

𝑒
+ ρ

µ

With these conditions applied, the EoS is specified and ready to be used for modeling the 
structure of a neutron star. 
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3. Model Validation Against Astrophysical Observations 

Now that the theoretical framework has been established and the procedure for deriving 
the Equation of State (EoS) has been detailed, this section will outline the methodology 
for testing the model's validity. The goal is to confront the theoretical predictions of our 
RMF model with a suite of modern, multi-messenger astrophysical constraints. 
 
3.1 From EoS to Stellar Structure: The TOV Equations 
 
The Eos,  ,  provides the microscopic physics of the star's matter, but it doesn't 𝑃(ϵ)
directly give the macroscopic properties like mass and radius. To bridge this gap, we must 
solve the equations of stellar structure within the framework of General Relativity. 
 
Definition (Tolman-Oppenheimer-Volkoff Equations) The equations of stellar structure 
for a static, spherically symmetric object within General Relativity. They are given by: 
 

                             (11) 𝑑𝑃(𝑟)
𝑑𝑟 =− 𝐺[ϵ(𝑟) + 𝑃(𝑟)][𝑀(𝑟) + 4π𝑟3𝑃(𝑟)/𝑐2]

𝑟2[1−2𝐺𝑀(𝑟)/𝑐2𝑟

                                                                    (12) 𝑑𝑀(𝑟)
𝑑𝑟 = 4π𝑟2ϵ(𝑟)

𝑐2

 
Here,   and are the pressure, energy density, and enclosed gravitational 𝑃(𝑟) ϵ(𝑟) 𝑀(𝑟) 
mass at a given radius , respectively. 𝑟
 
To determine the structure of a unique star, these coupled, first order differential 
equations are integrated numerically from the center ( ) to the surface ( ), 𝑟 = 0 𝑟 = 𝑅
initialized with a chosen central energy density, , and the boundary ϵ

𝑐
= ϵ(𝑟 = 0)

condition  The surface of the star is defined as the radius  where the 𝑀(𝑟 = 0) = 0 𝑅
pressure vanishes, , and the total gravitational mass is then  𝑃(𝑅) = 0 𝑀 =  𝑀(𝑅)
 
By performing this integration over a range of valid central densities, one can trace out 
the complete Mass-Radius (M-R) relation that is characteristic of the specific EoS. Each 
point on this curve represents a unique, hydrostatically stable stellar configuration. The 
stability of these configurations against radial perturbations requires that the mass 
increases with central density ( ). The peak of the M-R curve corresponds to 𝑑𝑀/𝑑ϵ

𝑐
> 0

the maximum supported mass ( ) for that EoS, marking the onset of instability. 𝑀
𝑚𝑎𝑥
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3.2 Confronting Observational Data 
 
The viability of our RMF model is assessed by comparing its predicted M-R relation and 
related properties against principal classes of observational constraints. 
 
A fundamental requirement for any EoS is that it must be sufficiently stiff at high densities 
to support the most massive neutron stars observed in nature. The existence of massive 
pulsars thus sets a firm lower bound on the predicted maximum mass, with the current 
benchmark being PSR J0740+6620 ( ). Therefore, a necessary 𝑀 =  2. 08 ± 0. 07𝑀

⊙

condition is . Failure to satisfy this constraint invalidates the model. 𝑀
𝑚𝑎𝑥

≥ 𝑀
𝑜𝑏𝑠,𝑚𝑎𝑥

 
The Neutron Star Interior Composition Explorer (NICER) mission provides simultaneous 
mass and radius measurements by modeling the complex X-ray light curves from hot 
spots on the surface of rapidly rotating pulsars. The observed pulse profiles are heavily 
influenced by general relativistic effects sensitive to the star's compactness, . By 𝑀/𝑅
performing a Bayesian analysis of the pulse profile, it is possible to infer probability 
distributions for the mass and radius, resulting in credibility contours on the M-R diagram. 
Our model's M-R curve must intersect these regions for objects like PSR J0030+0451 to 
be considered consistent. 
 
The inspiral phase of a binary neutron star merger, observed by detectors like LIGO and 
Virgo, offers a powerful probe of the EoS. During the inspiral, each star's intense 
gravitational field induces a mass quadrupole moment, , where  is the tidal 𝑄

𝑖𝑗
=− λε

𝑖𝑗
λ

deformability parameter. This is typically expressed as the dimensionless quantity, 

, where  is the second tidal Love number.  is highly sensitive to the λ = 2
3 𝑘

2
(𝑐2𝑅/𝐺𝑀)5 𝑘

2
λ

EoS; a stiffer EoS yields a larger star and a much larger  . The analysis of the GW170817 λ
event placed an upper bound on the tidal deformability of a  neutron star, 1. 4𝑀

⊙

providing a crucial and independent test. 
 

4.Uncertainties and Future Directions 
 
While the Relativistic Mean-Field model provides a powerful and successful framework for 
describing nuclear matter, it is essential to critically assess its inherent limitations and the open 
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questions that remain. This section discusses the model's uncertainties and outlines promising 
avenues for future theoretical and observational work. 
 
4.1 Known Model Limitations and Open Questions 
 
The predictions of the RMF model are subject to several theoretical uncertainties. 
The foundational approximation of RMF theory neglects quantum fluctuations and many 
body correlations beyond the mean field level While computationally advantageous, this 
simplification omits potentially significant physics, as the description of matter as a 
uniform Fermi gas moving in classical potentials is an idealization. 
 
The RMF model presented here assumes that matter is composed solely of nucleons and 
leptons. At extreme densities ( ), other degrees of freedom may appear. This ρ > 2 − 3ρ

0

includes Hyperons which are heavier strange baryons, whose appearance typically 
softens the EoS and creates tension with the maximum mass constraint. The potential 
impact of such exotic matter is shown in Fig 2. 
 
The RMF model's parameters which are the coupling constants  and meson masses  𝑔

𝑖
𝑚

𝑖

are not derived but are calibrated by fitting to the properties of finite nuclei and nuclear 
matter. Different sets of these parameters, known as parametrizations, exist and can 
yield different predictions for the high-density EoS. 
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Figure 2 : The effect of core composition on the Mass-Radius (M-R) relation. Exotic 
matter like hyperons or quarks typically "softens" the EoS, lowering the maximum mass. 
 
4.2 Alternative Approaches and Future Improvements 
 
Alternative theoretical frameworks are also used to model dense matter. These include 
Microscopic Approaches like Brueckner Hartree Fock (BHF) theory, which start from 
realistic nucleon nucleon interaction potentials. Another is Chiral Effective Field Theory 

, which provides a systematic, low energy expansion of QCD, though it faces χ
𝐸𝐹𝑇

challenges at very high densities. 
 

Conclusion 
 
In this work, we have presented a comprehensive theoretical investigation into the 
properties of dense nuclear matter using the Relativistic Mean-Field. Starting from the 
Lagrangian density, we derived the equations of motion and, by applying the mean-field 
approximation, obtained a self consistent solution for the Equation of State of neutron 
star matter under the conditions of beta equilibrium and charge neutrality. We then 
outlined the procedure for translating this microscopic EoS into macroscopic, observable 
properties by solving the Tolman-Oppenheimer-Volkoff equations. 
 
The central success of the RMF approach lies in its ability to produce an Equation of State 
that is consistent with the broad suite of current astrophysical observations. 
 
Despite these successes, significant uncertainties persist. The true composition of matter 
at supra-nuclear densities remains one of the greatest unsolved problems in modern 
physics. The potential emergence of hyperons or a phase transition to deconfined quark 
matter represents a major frontier where theoretical predictions diverge, and future 
progress still needs to be explored. 
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Abstract  

This study develops and validates a comprehensive computational framework for 

simulating the response of geophones, the primary field sensors for detecting ground 

motion, to seismic waves. Vibrational analysis is crucial for characterizing the Earth's 

subsurface structure and evaluating the integrity of engineered systems under seismic 

loading. Geophones are characterized as second-order mass-spring-damper systems 

coupled to an electromechanical transducer; their transfer functions and frequency 

responses are derived analytically. The framework integrates open-source geophysics 

tools (ObsPy for signal handling, Pyrocko for simulation, PyGIMLi for inversion) and 

scientific computing libraries (SciPy) to generate synthetic seismic signals, convolve 

signals with the geophone's poles-and-zeros instrument response, and compute power 

spectral densities (PSDs) via Fast Fourier Transform (FFT). An equivalent-circuit SPICE 

(Simulation Program with Integration Circuit Emphasis) model supplements the 

mechanical model by quantifying electrical effects, including coil inductance and 

electromagnetic damping. Validation against published calibration data demonstrates 

that simulated resonance peaks and spectral shapes agree with experimental 

measurements within an 8–10% error margin. Critical limitations, notably low-frequency 

sensitivity constraints, nonlinear mechanical damping, and ambient noise contamination, 

are analyzed. By successfully predicting key geophone response characteristics, including 

resonance and damping, this validated framework provides a tool for overcoming 

modeling challenges and enhancing the design and interpretation of geophone 

measurements in seismic and structural health monitoring (SHM) applications. 
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Introduction  

Seismic waves propagate through the Earth as elastic disturbances (P-waves, S-waves, 

and surface waves) generated by natural phenomena (earthquakes, volcanic activity) or 

artificial sources.[3] Such waves are imperceptible to humans but carry critical information 

about subsurface structure and the dynamic behavior of engineered structures under 

vibration. Geophones are electromechanical sensors that transduce ground motion into 

electrical signals, making them fundamental to seismic and vibration monitoring. In 

seismic exploration and monitoring, arrays of geophones collect velocity or acceleration 

data used for imaging subsurface geology and detecting events.[3] They are also widely 

used in structural health monitoring to identify resonant frequencies and anomalies in 

buildings and infrastructure.[3] Conventional moving-coil geophones consist of a proof 

mass suspended by springs within a magnetic field.[9] When the ground moves, the sensor 

body moves with it, while the inertial mass lags, inducing a relative motion between the 

coil and the magnet.  

 

Fig. 1: Structure of a Geophone[12]  

By Faraday’s law, this relative motion generates a voltage proportional to the velocity of 

the mass relative to the housing.[9][11] Above the geophone’s natural (resonant) frequency, 

the coil remains nearly stationary and the output is proportional to ground 

velocity—hence geophones behave as velocity meters (flat in velocity response) with a 
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band-pass characteristic.[3][11] Typical coil-type geophones have natural frequencies 

between 4–14 Hz; below resonance, their sensitivity rapidly decays.[1] This makes 

low-frequency sensing a challenge, as conventional geophones “roll off” below their 

natural frequency and exhibit variable sensitivity over the band.[1][2]  

 

To overcome these limitations, advanced sensor technologies have been developed. 

Fiber-optic geophones based on Fiber Bragg Gratings (FBG) or Fabry–Perot cavities use 

optical interference to measure motion, offering high sensitivity and immunity to 

electromagnetic interference.[3][10] MEMS-based geophones miniaturize the mass-spring 

system on silicon, often achieving flat acceleration response from DC to several hundred 

hertz.[3] For example, Tellier and Lainé (2017) note that both traditional coil geophones 

and MEMS accelerometers operate on the same damped mass-spring principle; 

however, MEMS devices use much stiffer springs and smaller masses, yielding much 

higher natural frequencies (often above 1 kHz) and a flat broadband response that can 

include DC.[11] High-performance MEMS geophones and optomechanical sensors have 

been demonstrated with noise floors and bandwidths up to hundreds of hertz.[3][11] 

Despite these innovations, accurately modeling geophone response remains challenging. 

The sensor dynamics involve mechanical nonlinearity, damping (viscous and electrical), 

and electromagnetic coupling.  

 

In practice, engineering models often treat geophones as linear second-order systems, 

but real devices show frequency-dependent damping and cross-axis sensitivity. Previous 

studies have applied circuit analogies, digital correction filters, and sensor fusion to 

improve low-frequency performance.[4] For instance, Sushko et al. (2019) developed a 

SPICE-equivalent circuit of a Geospace GS-ONE geophone and found that simulated 

amplitude responses agreed within approximately 8% of specifications.[9] Other work has 

digitally inverted or compensated the geophone transfer function to extend its effective 
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bandwidth.[1] In the present study, continuing to build this literature by simulating 

geophone signals using modern Python toolkits aims to replicate reported resonance 

frequencies and spectral characteristics by combining mechanical transfer functions, 

instrument-response filters, and circuit models, and to evaluate model accuracy against 

published geophone calibration data. 

Geophone Principles and Sensor Technologies 

A conventional coil geophone consists of an inertial mass (coil assembly) suspended by 

springs within a cylindrical housing containing permanent magnets.[9] When ground 

motion occurs, the housing moves with the ground, but the suspended mass tends to 

remain stationary due to inertia. This relative displacement, xr, between the mass and 

housing is described by a linear second‑order (single‑degree‑of‑freedom) system: 

                [1] 𝑚ẍ +  𝑐(ẋ − ẋ
𝑔
) +  𝑘(𝑥 − 𝑥

𝑔
) =  0

Where x is the displacement of mass, ẋ is velocity, ẍ is acceleration, xg is the displacement 

of the ground, ẋg is the ground’s velocity, m is the moving mass, k is the spring stiffness, 

and c is the damping coefficient.[1] The mass–spring suspension thus has a natural 

angular frequency (See Eq. 2 on the left) and damping ratio (See Eq. 3 on the right):[1] 

                  ,       [2] ω
0
 =  𝑘

𝑚

                  [3] ζ =  𝑐
2 𝑘𝑚

Typical coil geophones have ω₀ corresponding to 4–14 Hz (e.g., the SM‑6 geophone has f₀ 

≈ 4.5 Hz, ζ ≈ 0.56).[1] By Faraday’s law, the induced voltage is proportional to the relative 

velocity ẋᵣ (and hence to ground velocity above resonance).[9][11] Thus, the steady-state 

transfer function (velocity-in to voltage-out) of the geophone is a second-order 

band-pass form. Above ω₀, it is flat in velocity (roll-off ∝ 1⁄f in acceleration), while below 

ω₀ the output rapidly decays (roll-off ∝ f² in displacement).[1][2] Key performance metrics 
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include the natural frequency f₀ = ω₀ ⁄ 2π, damping ratio ζ, and sensitivity (in V⁄(m/s) or 

similar). For example, an SM‑6 geophone has a sensitivity G ≈ 28.8 V⁄(m/s).[1] 

Higher-damping designs (larger ζ) yield flatter responses but broader resonance peaks; 

lower ζ yields a pronounced resonant peak at f₀.[2] The Q-factor (quality factor) is related 

by Q = 1 ⁄ (2ζ). Manufacturers often quote a damping ratio of approximately 0.7 (close to 

the critical damping) to strike a balance between sensitivity and stability. 

Emerging geophone technologies aim to extend bandwidth and sensitivity. Fiber Bragg 

grating (FBG) geophones use an optical fiber sensor to measure strain or displacement, 

avoiding large coils and yielding higher dynamic range.[10] For instance, Guo et al. (2009) 

demonstrated an FBG geophone with a 94 dB dynamic range over 10–200 Hz, noting its 

higher sensitivity, lighter weight, and EMI immunity compared to conventional units.[10] 

Optomechanical MEMS geophones (e.g., Fabry–Perot cavity designs) miniaturize the 

sensing element and have reported noise floors of a few 10⁻⁹ g⁄√Hz and bandwidths up 

to hundreds of Hz.[3] Force-balance accelerometers also exist, providing flat frequency 

response down to DC by actively controlling mass position, but these are typically larger 

and more costly. 

In summary, geophones operate on the damped mass-spring principle.[9][11] Conventional 

moving-coil geophones are robust and inexpensive but limited to >1 Hz signals due to 

their low resonance. Advanced designs (MEMS, optical, force-balanced) push sensitivity 

lower, but all sensors must contend with the interplay of mass, spring, and damping. The 

resulting sensor response (voltage output vs. frequency) can be engineered via 

mechanical design or electronic compensation circuits.[4] These fundamental principles 

inform the modeling approach, which explicitly simulates the second-order mechanical 

response and incorporates the sensor’s electrical (coil) behavior. 

The Starry Messenger / Issue 4 / August 2025                                                                                                                64 
ISSN: 3061-9807       



Research Mentorship Program 2025: Experimental & Engineering Physics   

Fulco, Mithsala & Gilbert, Li 

Computational Modeling Methodologies 

The simulated framework uses Python-based geophysical and numerical libraries. ObsPy 

(a seismological toolkit) loads recorded or synthetic seismograms, defines geophone 

poles‑and‑zeros responses, and performs time‑domain convolution to simulate 

instrument output; FFTs then yield spectra, and one‑sided PSDs.[5] In practice, ObsPy is 

used to load a seismogram (or synthetic pulse), define a geophone instrument via its 

response file (for example, an IRIS/Dataless SEED or StationXML description), and 

convolve the true ground motion with this response, yielding simulated digitizer counts or 

velocity traces. The Fast Fourier Transform (FFT) converts a time series into a spectrum 

and computes the appropriately normalized one-sided power spectral density (PSD) to 

analyze the frequency content. 

Pyrocko generates forward synthetic waveforms from user-specified source mechanics 

and velocity models, which are then processed through the same ObsPy 

instrument-response chain.[6] pyGIMLi offers finite‑element and spectral‑element 

modeling to validate wave propagation and sensor excitation in heterogeneous media.[7] 

Core numerical operations—filtering, FFT, inverse FFT, interpolation, and linear 

algebra—use NumPy and SciPy (via numpy.fft). For complex mounting or structural 

coupling studies, optional conceptual FEA in tools like COMSOL or pyGIMLi’s mesh solvers 

confirms that, in typical simple mounts, the internal mass–spring dynamics dominate and 

housing compliance is negligible. 

In the model, the instrument response of the geophone is characterized by its poles and 

zeros (a standard PAZ model). The continuous-time transfer function of a damped 

geophone is: 
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                                     [4] 𝐻(𝑠) = ω₀2

𝑠2 + 2ζω₀𝑠 + ω₀2  

Where the (insert figure number for natural frequency) and (figure number for damping 

ratio).[1][4] In practice, ObsPy is encoded in a dictionary containing poles, zeros, gain, f₀, ζ, 

and applies it to the time series. The FFT of the modeled trace confirms the expected 

behavior: flat in velocity above f0, roll-off below. The PSD is computed and given by: 

  

                                                                              [5] 𝑃𝑆𝐷(𝑓) =  𝐹{𝑑(𝑡)}| |2

∆𝑡

Where F{d(t)} is the Fourier transform of the time-domain signal d(t), and Δt is the 

sampling interval, where the appropriate normalization is omitted here for brevity, to 

compare spectral amplitudes. Furthermore, the notion of power spectral density (PSD) is 

given by the equation: 

S(f) =  [ ] | ∫₀ᵀ dobs(t) · e–i2πft dt |²                
[6] 

𝑇 ∞
lim
→

1
𝑇

Where S(f) is the PSD, dobs(t) is an observed signal in the time domain, f represents 

frequency, and T represents the observation time. Circuit modeling (using SPICE) is used 

to capture the electrical aspects. A moving-coil geophone’s electrical equivalent circuit 

can include inductance L (coil), resistance R, and an electromechanical coupling 

transform. Sushko et al. (2019) describe an equivalent circuit for a GS-ONE geophone, 

including coil parasitic inductance and a load resistance.[9] Emulating this can be achieved 

by constructing a SPICE model using an R-L branch in parallel with a damping resistor. 

When driven by a current proportional to ground velocity, it outputs a voltage that 

matches theoretical H(s). Sushko et al. (2019) showed that such SPICE models can match 
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real amplitude responses within ~8% and phase responses within ~2°, validating the 

parameters used.[9] 

Simulation of Resonance and Frequency Spectra 

Using the above methods, it is now appropriate to simulate geophone outputs for 

representative cases. First, a synthetic ground velocity signal is generated (e.g., a burst 

of sine waves or filtered Gaussian), then an instrument response of a 10 Hz, ζ = 0.7 

geophone (common specification). The resulting time series is FFT’d to yield the 

amplitude and phase spectra. The modeled amplitude spectrum shows a −3 dB peak at 

f₀ ≈ 10 Hz and a ∝ f⁻¹ roll-off at higher frequencies (flat in velocity) as expected.[2] The 

phase response crosses 90° around f0 and approaches 0° well above resonance. To 

validate, a comparison is made against published calibration curves (See Fig. 2 below). 

For example, Sushko et al. provide a GS-ONE geophone response, where f0  = 10 Hz and ζ 

= 0.7.  

 

 

 

 

 

Fig. 2: Simulated Model vs. Real-World Geophone Detection Data Calibration Curve 

The simulated amplitude curve (normalized to 0 dB at high frequency) matches their 

reported curve within ~8% error across the band.[9] Table 1 (below) summarizes a key 

result: the predicted resonant frequency vs. the datasheet value. In the simulated model, 
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f0 was 9.2 Hz, compared to a nominal 10 Hz (an 8% difference); the quality factor is given 

by: 

                                                                                                 [7]        𝑄 = 𝑓₀ 
∆𝑓  

Where Δf is the half‑power bandwidth (frequency span where the power drops by 3 dB), 

similarly, peak amplitude and roll-off exponent agreed within ~8–10%. These errors are 

comparable to those reported by circuit-based models, confirming the approach.[9] 

(Note: specific numeric data for a real geophone was obtained from [1], [7], [9].) 

Parameter Simulated Model Published Data Deviation  

Resonant frequency f0 [Hz] 9.2 10.0 8% 

Damping ratio [ζ] 0.70 0.70 0% 

Amplitude at f0 (normalized) [dB] –0.3 0.0 7% 

 

Table 1: Simulated Model vs. Real-World Geophone Detection Data 

Table 1 depicts the modeled and reference amplitude spectra. The peak near f0 and the 

high-frequency asymptote coincide closely. The slight amplitude underestimation (<1 dB) 

is within the model accuracy. The phase spectra (not shown) also align, with phase lag 

reducing from ~180° at low f to ~0° above a few tens of Hz, as in standard geophone 

theory.[2] 

Furthermore, now the responses of advanced sensor models are simulated. For a MEMS 

accelerometer (high ω₀), the output spectrum is flat over the seismic band, consistent 

with expectations.[3][11] A theoretical FBG geophone model (with very low mass and high k) 
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produced a wide bandwidth (~0.5–200 Hz) with minimal low-frequency roll-off, echoing 

the 0.3 Hz low-frequency limit achieved by Huang et al. via active circuits.[4] The 

simulation outputs replicate real geophone frequency spectra with high fidelity. Key 

resonance features match within an 8–10% margin (See Table 1), which is within 

experimental variability.[9] The use of instrument-response deconvolution and convolution 

(ObsPy) ensures that modeled data are directly comparable to raw recordings. This 

predictive success suggests the model can be used to estimate how a given geophone 

would respond to any seismic input and to design compensation filters.[4] 

Discussion 

While the simulations are mainly successful, several limitations are present. The linear 

second-order model assumes constant damping and neglects nonlinearities (e.g., 

friction, spring hysteresis) that can appear in real geophones under large excursions. At 

high frequencies (above a few hundred Hz), coil inductance and skin effects (omitted 

here) could distort the response. Electrical noise sources (thermal noise in the coil 

resistance, amplifier noise) are not explicitly simulated; in reality, these set a noise floor 

that may limit low-amplitude detection. Such factors would broaden the resonance peak 

or introduce additional phase shifts not captured by the ideal model. For field 

deployment, these modeling results imply that simple geophone calibration and 

correction are feasible. For instance, one could design digital inverse filters 

(deconvolution) to flatten the response below resonance using the simulated transfer 

function.[4] The simulation also underscores the importance of the quality factor: 

Geophones with too low damping (ζ<0.5) show a sharp resonant spike, which potentially 

amplifies narrowband noise. Thus, active damping via electronic feedback (negative 

impedance) could be necessary for high-fidelity measurements.[4] A promising extension 

is real-time adaptive calibration. By continuously fitting the live spectra of a geophone to 
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the simulated model, one can update the damping estimate or apply corrective filtering 

in real-time. Machine learning techniques are emerging as powerful tools for anomaly 

detection in vibration data.[8] For example, convolutional neural networks or decision-tree 

ensembles could be trained on labeled geophone spectrograms to identify sensor faults 

or structural resonances automatically.[8] From the computational standpoint, the 

combination of open-source packages was effective. ObsPy handled low-level data 

tasks, Pyrocko provided flexible waveform synthesis, and pyGIMLi offered the option for 

large-scale modeling if needed.[6][7]  

Conclusion  

By combining mechanical transfer functions, instrument-response filtering, and circuit 

modeling within Python-based toolkits, the framework accurately predicts geophone 

resonance and frequency spectra. Key findings include that the simulated geophone 

response reproduces published calibration curves within roughly 8–10%; advanced sensor 

designs (MEMS, FBG) can be modeled by adjusting the second-order parameters and 

show their expected wide bandwidth; and the modeling reveals how damping and circuit 

elements influence spectral output. Limitations remain in capturing all nonlinear and noise 

effects, suggesting the need for future enhancements with higher-fidelity FEA or noise 

modeling. Future work will focus on refining real-time calibration (e.g., adaptive filters) 

and integrating data-driven anomaly detection. Overall, this study demonstrates that 

computational geophone models can closely match real-world data and can be used to 

inform sensor design and deployment in seismic and structural health monitoring 

applications. 
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CONTRIBUTIONS 
 

 
Arya Lal Gonullu, Chief Executive of GSYP, named the science magazine after Galileo 
Galilei's groundbreaking work, Sidereus Nuncius (The Starry Messenger). In this historic 
book, Galileo had unveiled three revolutionary discoveries he made with it: Sunspots, the 
Moons of Jupiter and that the Moon is not a perfect sphere. Gonullu hopes that physics 
will soon experience a new “Starry Messenger” breakthrough through the new rising stars 
of the field. 
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